Introduction
In [9] , the author derived a representation formula for ideal CR submanifolds with rank one totally real distribution in a complex hyperbolic space CH m , under the condition that the shape operator with respect to the distinguished vector field has constant principal curvatures. The formula is described in terms of CR submanifolds whose second fundamental forms take certain special forms in a complex pseudo-Euclidean space. However, it is complicated. We simplify and reformulate the formula in terms of Kähler submanifolds. By virtue of the simplified representation formula, the geometric meaning of the formula derived in [9] is clarified, and moreover a rich family of ideal CR submanifolds in CH m can be obtained.
On the other hand, a CR submanifold with rank one totally real distribution in a Kähler manifold M has an almost contact metric structure which is naturally induced from the almost complex structure of M . We prove that each ideal CR submanifold of CH m investigated in [9] admits a Sasakian structure.
We also obtain a codimension reduction theorem for ideal CR submanifolds in a complex projective space CP m . As a corollary, we show that every 3-dimensional ideal proper CR submanifold in CP m must be contained in CP 2 . This is contrary to the case of CH m where there exist a great many linearly full 3-dimensional ideal
proper CR submanifolds whose codimensions are greater than one.
Preliminaries
2.1. δ-invariants. Let M be an n-dimensional Riemannian manifold. Denote by K(π) the sectional curvature of M associated with a plane section π ⊂ T p M , p ∈ M . For any orthonormal basis {e 1 , . . . , e n } of the tangent space T p M , the scalar curvature τ at p is defined by
Let L be a subset of T p M of dimension r 2 and {e 1 , . . . , e n } an orthonormal basis of L. We define the scalar curvature τ (L) of the r-plane section L by
For an integer k 0, denote by S (n, k) the finite set which consists of unordered k-tuples (n 1 , . . . , n k ) of integers 2 satisfying n 1 < n and n 1 + . . . + n k n. Denote by S (n) the set of k-tuples with k 0 for a fixed n.
For each k-tuple (n 1 , . . . , n k ) ∈ S (n), B. Y. Chen introduced the notion of the δ-invariants δ(n 1 , . . . , n k ), as follows:
Let Ric denote the maximum Ricci curvature function on M defined by
where S is the Ricci tensor and T 1 p M is the unit tangent vector space of M at p. Then we have δ(n − 1)(p) = Ric(p).
We put δ k (λ) = δ(λ, . . . , λ) (λ appears k times).
Kählerian
We put δ c k (λ) = δ c (λ, . . . , λ) (λ appears k times). according as ε > 0, ε = 0 or ε < 0, respectively.
Let M be an n-dimensional submanifold inM m (4ε) and let J be the complex structure ofM m (4ε). For any vector X tangent to M , we put JX = P X + F X, where P X and F X are the tangential and normal components of JX, respectively. For a subspace L ⊂ T p M of dimension r, we put
where {u 1 , . . . , u r } is an orthonormal basis of L.
For each (n 1 , . . . , n k ) ∈ S (n), let c(n 1 , . . . , n k ) and b(n 1 , . . . , n) be the constants given by
Denote by H the mean curvature vector field of M inM m (4ε). Then we have the following general inequalities involving the δ-invariants and the squared mean curvature |H| 2 (cf. [3] ): 
where I is the identity matrix and each A r j is a symmetric n j × n j submatrix such that
By using Proposition 2.1, we have the following general inequalities for Kähler submanifolds in complex space forms (cf. [4] ).
The equality case of inequality (2.2) holds at a point p ∈ M if and only if there exists an orthonormal basis {e 1 , . . . , e 2m } at p such that e 1 , . . . , e 2n are tangent to M and e 2l = Je 2l−1 (1 l k) and, moreover, the shape operators of M inM m (4ε) at p take the forms
isfies the equality case of (2.2) identically for some k-tuple (2n 1 , . . . , 2n k ) ∈ S (2n).
For more information about δ-invariants and ideal submanifolds, see [4] .
2.4.
General inequalities for CR submanifolds in non-flat complex space forms. Let M be a pseudo-Riemannian submanifold of a pseudo-Kähler manifold M and let J be the complex structure ofM . A submanifold M is called a CR submanifold if there exists a differentiable holomorphic distribution H (i.e. JH = H ) on M such that its orthogonal complement H ⊥ is totally real, i.e.,
submanifold is said to be proper if rankH > 0 and rankH
By using Proposition 2.1, we have the following general inequalities for CR submanifolds in non-flat complex space forms.
Equality sign in (2.3) holds at a point p ∈ M for some (n 1 , . . . , n k ) ∈ S (n) if and only if there exists an orthonormal basis {e 1 , . . . , e 2m } at p such that (a) L j := Span{e n1+...+nj−1+1 , . . . , e n1+...+nj } satisfy Ψ(L j ) = n j /2 for 1 j k, (b) the shape operators of M in CH m (−4) at p take the forms
Equality sign in (2.6) holds at a point p ∈ M for some (n 1 , . . . , n k ) ∈ S (n) if and only if there exists an orthonormal basis {e 1 , . . . , e 2m } at p such that (a) L j := Span{e n1+...+nj−1+1 , . . . , e n1+...+nj } satisfy Ψ(L j ) = 0 for 1 i k, (b) the shape operators of M in CP m (4) at p satisfy (2.4) and (2.5).
An n-dimensional CR submanifold in CH m (−4) or CP m (4) is said to be δ(n 1 , . . . , n k )-ideal if it satisfies the equality case of (2.3) or (2.6) identically for some k-tuple (n 1 , . . . , n k ) ∈ S (n), respectively. A submanifold is said to be linearly full inM m (4ε) if it does not lie in any totally geodesic Kähler hypersurfaces ofM m (4ε). (ε) we consider the following tensor fields:
(ε) denotes the orthogonal projection and g is the induced metric from C m+1 1
. Then the quadruplet (ϕ, ξ, η, g) defines an almost contact structure on H 2m+1 1 (ε). The Hopf fibration is given by
be an isometric immersion such that iz is tangent to M . Then M is a CR submanifold with H ⊥ = Span{iz} in C , respectively. Then we have the following (cf. [5] ):
for all vectors X and Y tangent to N . Π {m,−1} f (x 1 , y 1 , . . . , x n , y n )e
where α = k/(2n − k) and z 1 (x 1 , y 1 , . . . , x n , y n , s) := f (x 1 , y 1 , . . . , x n , y n ) × e
and the following condition: There exists an orthonormal frame {E 1 , . . . , E 2n , E 2n+1 } on z 1 such that E 2r = iE 2r−1 for r ∈ {1, . . . , n}, E 2n+1 = (1/ √ 1 − α 2 )∂/∂s and the second fundamental formh of
whereφ r =φ r (x 1 , y 1 . . . , x n , y n , s) are functions,ξ r are normal vector fields perpendicular to iE 2n+1 , and X i ∈ Span{E (2n(i−1)/k)+1 , . . . , E 2ni/k } for i ∈ {1, . . . , k}.
By Proposition 2.2, Lemma 3.1, (3.1), (3.2) and (3.3), we see that
. Therefore, we can simplify and reformulate (2) of Theorem 1 in [9] as (2) of the following theorem. (1) k = n, n 1 = . . . = n n = 2, and
where Ψ is a 2n-dimensional δ (2) n/k ∈ Z − {1}, n 1 = . . . = n k = 2n/k, and
where Ψ is a 2n-dimensional δ
2n−k ). If n > 1, k = 1 and n 1 = 2n, then (3.3) is satisfied automatically. By noting that δ(2n)(p) = Ric(p), we reobtain the representation formula in [8] . 
where Ψ is a 2n-dimensional Kähler submanifold in CH m−1 (
2n−1 ). Let N be a 2n-dimensional Kähler hypersurface in a complex space form. Let V and JV be normal vector fields of N . By virtue of A JV = JA V and JA V = −A V J, we can choose an orthonormal basis {e 1 , Je 1 , . . . , e n , Je n } of T p N with respect to which the shape operators A V and A JV take the following form:
By Proposition 2.2 and (3.4), we see that every Kähler hypersurface in a complex space form is δ c k (2n/k)-ideal for any natural number k such that n/k ∈ Z. Accordingly, there exist many CR submanifolds which are described in Theorem 3.1.
Almost contact metric structure.
A differentiable manifold M is called an almost contact manifold if it admits a unit vector field ξ, a one-form η and a (1, 1)-tensor field ϕ satisfying
Every almost contact manifold admits a pseudo-Riemannian metric g satisfying
The quadruplet (ϕ, ξ, η, g) is called an almost contact metric structure. An almost contact metric structure is said to be normal if the tensor field S defined by
vanishes identically. A normal almost contact structure is said to be Sasakian if it satisfies
Let M be a CR submanifold with dim H ⊥ = 1 in a complex space form. We define a one-form η by η(X) = g(U, X), where U is a unit tangent vector field lying in H ⊥ , and g is an induced metric on M . We put U = (1/ √ r)U , η = √ rη and g = rg for a positive constant r. Then the quadruplet (P, U , η, g) defines an almost contact structure on M (cf. [6, p. 96] ).
Each almost contact structure (P, U, η, g) of the CR submanifold described in Theorem 3.1 is normal (cf. [9] ). Moreover, we have the following: Proposition 3.1. An almost contact structure (P, U , η, g) with r = k/(2n − k) on a CR submanifold in Theorem 3.1 becomes a Sasakian structure. In particular, in the case of (1), the structure is Sasakian with respect to the induced metric. P r o o f. A unit normal vector field JU of a CR submanifold in Theorem 3.1 is parallel (see [9] ). Hence, we have (see [6, (15.27) 
where ∇ is the Levi-Civita connection of M . By Lemma 7 of [9] , we know that there exists an orthonormal frame {e 1 , . . . , e 2m } such that e 2r = Je 2r−1 for r ∈ {1, . . . , n}, e 2n+1 ∈ H ⊥ and the second fundamental form takes the following form:
h(e 2r−1 , e 2r ) = ϕ r Jξ r , h(e 2n+1 , e 2n+1 ) = 2n
where ϕ r are functions, ξ r ∈ ν and u j ∈ Span{e n1+...+nj−1+1 , . . . , e n1+...+nj }. From this and (3.5), we get dη(X, Y ) = g(X, P Y ) for all vector fields X, Y tangent to the CR submanifold.
Ideal CR submanifolds in a complex projective space
We denote by L i the distribution generated by L i . We have the following codimension reduction theorem. Since∇J = 0 for the Levi-Civita connection∇ of CP m (4) holds, by using the formula of Gauss, we obtain that for r ∈ {2, . . . ,
where h is the second fundamental form. This implies that h(e 1 , e r ) ∈ JH ⊥ . Hence, it follows from (4.2) and (4.3) that A V = 0 for any V ∈ ν.
On the other hand, by the formulas of Gauss and Weingarten, we have −A Je1 X + D X (Je 1 ) =∇ X (Je 1 ) = J(∇ X e 1 ) + Jh(X, e 1 ).
This yields that D X (Je 1 ) ∈ JH ⊥ for any X ∈ T M . Since JH ⊥ is of rank one and Je 1 is of unit length, we obtain that D(Je 1 ) = 0. Therefore, by applying the codimension reduction theorem for real submanifolds of a complex projective space [7] , we conclude that M must be contained in CP (n+1)/2 (4).
In this case, we may assume that e n ∈ H ⊥ . Similarly to the case of (i), by applying (4.1), Proposition 2.4 and the formulas of Gauss and Weingarten, we have A V = 0 for any V ∈ ν and D(Je n ) = 0, which implies that M must be contained in CP (n+1)/2 (4). 
